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1. Introduction 



The present note can be considered as an analytic counterpart of |BHY2 



In BHY2 



w e sugges t ed several a l gebraic methods leading to new (compared to 



|DG| , |W|, 1^, [BHYll , |kr] , IGHIJ , |GH2| ) solutions of the b ispectral problem in 



BHY2 



we reformulate the 



different versions. Before sketching the main idea of 
bispectral pr oblem in a for m which can be traced back to | DG | and which was used 
exphcitly in ||BHY2|, ^M. 



Consider two associative algebras B and B' of differential operators. We denote 
the variable in S by x and the one in B' by z. Let tpi^j ^) be a function such that 
for any P G B there exists Q & B' satisfying 

(1.1) P{x, dx)tp{x, z) = Q{z, dz)ip{x, z), 



and that for each Q ^ B' there exists P E B satisfying (1.1). We will assume that 



P(x,dx)i^(x,z) = implies P = 0, and similarly for Q. Then (1.1) defines an 
anti- isomorphism 

(1.2) h:B^B\ b{P)^Q, 

which depends on tp. 

We assume that both B and B' contain subalgebras of functions K. C B and 
K.' C B'. Let A = b~^{IC'), A' = b{IC). Then a solution to the bispectral problem of 
|DG | is a pair of operators of non-zero order L A, A ^ A' . Indeed, if b{L) = / G 
IC' and &-i(A) = 6* e /C, then (|li|) implies 

(1.3) L{x, dx)il}{x, z) = f{z)il){x, z), 

(1.4) K{z,dz)ip{x,z) = 6{x)%l:{x,z). 

In |BHY2| we pointed out that if a is an automorphism of B, then one can 
define a new anti- isomorphism bi — b o a : B B' . Then if the image 6i(/C) C B' 
contains operators of non-zero order, they will be bispectral. Of course, we need to 



define the corresponding function 4'i{x, z) which determines bi via (1.1). 

The present note treats in detail the problem of defining tpi in the case when 
both B and B' are two copies of the Weyl algebra of regular diff'erential operators 
in the complex plane C. This algebra is by now the most tractable example, as all 
its automorphisms are known Q . They are all generated by the ones of the form 



r,a.dp{x) 



or e 



ad q{dx) 



where p and q are arbitrary polynomials (sec Q ) . 



2 



B. BAKALOV, E. HOROZOV, AND M. YAKIMOV 



We start with the obvious anti-isomorphism bo given by 
(1.5) bo{x) = 9,, bo{d.,) = z. 

The corresponding eigenfunction ipo{x, z) satisfying P-ijjQ ~ bo{P)ipo, P G is e^^ 
Then any automorphism 

(^l Q') a = gadpi(a:)gadiji(aa;) ^ ^ ^ gad p„ (a;) ^ad (3^; ) 

of the Weyl algebra B gives an anti-isomorphism 

(1.7) b = booa:B^B'. 

Our objective is to make sense of the expressions of the type 

(1.8) ip{x,z) = e-^-t^^^^e-P-f^^-.-e-'i'^-^e-Pi^^^e^^ 

which will satisfy ( |l . l| , ^T^ ) for fe. Indeed, we can write '0(2;, z) = (76^^ with g = 
e-9n.(ax) . . . e-Pi(^). Then for Q = Q{z, d^) e S', we have 

b-\Q) = a-i(&-iQ) (6-'Q) 5 = 5 (^o 'Q) = 5 Q = Q 0. 

(g and Q commute, since the former acts on x, while the latter on z.) 



Our approach, as briefly indicated in |BHY2|, is to apply repeatedly Laplace 



transformations to the expression (1.8). We will show that for generic polynomials 
Pj, Qj, (1.8) makes sense. Moreover, the corresponding algebras A and A' contain 
differential operators of non-zero order, for example, L = b~^(z) and A — b{x). 
They satisfy 

(1.9) L{x,dx)ip{x,z) = z->p{x,z), 

(1.10) A(z,a,)0(x,z) =x0(x,z), 

hence they solve the bispectral problem. It is easy to see that in this case K, ~ C[x], 
)C' = C[z]. 



The main result of this note is Theorem B.6 by which we explicitly define ip{x, z) 
as a multiple Laplace integral. 
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2. Special cases 

2.1. In this section we will consider several special cases of the construction 
outlined at the end of the previous section. The purpose of the analysis below is 
to exclude from further study the sets of polynomials pj , qj which do not produce 
new bispectral operators. 

Let us first clarify which bispectral operators will be considered non-trivially 



different. (We closely follow |DG, W|.) First, by a change of the variable a;, we 
can always make the leading coefficient of L constant. Then multiplying the eigen- 
function ^ by a function depending only on x, we can make the second coefficient 
of L zero. This fixes the operator L up to an affine change x ^ ax + b. In the 



same manner, we fix A. As proved in |DG, W], in this case both operators L and 
A have rational coefficients. 

Thus, we will consider only bispectral operators with constant leading coeffi- 
cients and vanishing second ones; any such operator defined up to affine changes 
of variables. Nevertheless, in some of the intermediate steps we may use operators 
which differ by the above mentioned trivial transformations. 

2.2. First, it is easy to see that all polynomials pj, qj should have positive 
degrees. Otherwise, using the above transformations, one can reduce from (1.8) 
to a function of this kind but with smaller m. 

Indeed, this is obvious for qi,p2, ■ ■ ■ ,qm,-i,Pm,qm,- Suppose that degpi — 0. 
Then we can exchange the roles of x and z, considering 

^Pix, z) := ip{z, x) = e'P'^^'''>e^'''^^^ ■ ■ ■ e-P"(^-)e~«'"(^)e^^ 

2.3. If degpi = 1, this amounts to an affine change of the variable x (cf. 
(pT^)). Exchanging the roles of x and z, as above, we can exclude the case when 
deg gi = 1. The same argument can be used to eliminate any polynomi al pj or qj of 
degree 1. (This amounts to affine changes of the variables Uj, Vj from ( |3.3D below.) 

Therefore, from now on we will consider only polynomials pj, qj of degree at 
least 2. 



Example 2.4. Let a = e^dp(x) gadg(i3j_ rj.^^^^ computed in pHY2| l, we 
have 

b{x) = bo<j{x)=d,+q'{z-p'{d,)), 

b{dx) = boa{dx) = z-p'{dz). 
We will prove in the next section that the hmction i^{x, z) — e~'''(9x)g-p(a;)g2:z grists. 
Thus we find the bispectral operators 

(2.1) L{x,d^) = b-^{z)=d^+p'{x-q'{d^)), 

(2.2) A(^, d,) = b{x) = a, + q\z - p'{d,)), 



satisfying (|lj|, |l.lOD 



Suppose that degp = 2, i.e. that p{x) = ax^ + bx. Then 

L{x, dx) ^ dx - 2aq'{dx) + 2ax + b, 
A{z,d,)^d, + q\z-2ad,~b). 

By affine changes of the variables x and z and a multiplication of z) by e^^^^ , it 
is easy to see that L and A are the (generalized) Airy operators (see |BHY1 , KR | ) 
provided that degg > 3. The same result holds if degp > 3, degg = 2. 
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If both degp > 3, degq > 3, we obtain a new bispectral pair of operators L, A, 
as explained in |BHY2]. 

The case when degp — 2, degg = 2 is trivial and is treated in the next subsec- 
tion. 

2.5. Now suppose that all polynomials pj, qj have degree 2. Then one easily 
gets (by induction) that 

b{x) = boa{x) = aiiz + ai2dz, 

b{dx) = boa{dx) = 0212; + 022 9z 

for some non-degenerate matrix . 

If ai2 = 0, then the image of C[a;] under b is C[z], i.e. b does not produce 
bispectral operators. In the case when ai2 7^ 0, 5 gives bispectral operators of rank 
1. (For the notion of rank, cf. pG| , ^ [BHYlJ ]). 

3. The existence of joint eigenfunctions 

3.1. In this section we will demonstrate the existence of a common eigen- 
function ■(/;(x, z) of (1.9, 1.10| ). We will construct the function ip{x, z) by a repeated 
application of Laplace transformation on ( |l.8| ) and induction on m. According to 
Sect. 1^, it suffices to consider polynomials Pj, qj of degree at least 2, with one of 
them of degree greater than 2. 

3.2. Our starting point is the function iIjq{x,z) = e^^. The crucial step is to 
define ipii^, z) = e~9i(9x)g-pi(a;)ga;z_ gj.g|- explain the idea of the construction 
as it will be applied later for any ni. For simplicity, we will drop the subscripts 1. 

Supposing that il>{x, z) exists, we can perform a Laplace transformation on it 
with respect to x: 



{Cij){v,z) = I V(w,^)e"™dM 

|^e-9(9u)e-p(«)e«2^ g-™ = e"''^") J e-P(")+"^-™ du. 

We choose the contour F' so that the last integral makes sense. This can be done, 
for example, as follows. 

Let n = degp > 2 and fix an n-th root a of the leading coefficient of p. Let 
Wi, UJ2 be two different rt-th roots of unity. Define the contour F' to be the union 
of two rays 

(3.1) F' = {a^^uJit I t e (cx), 0]} U {a^^cjzi | t G [0, 00)}. 

Then the Laplace transformation 

{CiP){v, z) = e-'^^'"^a-^iui f e~*"+-e(^-^)""'"i* dt 

Jo 

+ e-9(")a-iw2 / e-*"+-e(^-'')""'"=*dt 



is well defined, i.e. the integrals are convergent, because the leading terms in the 
exponentials are negative. 

In the same manner, we can find the inverse Laplace transformation of (Cijj) {v, z), 
i.e. to define ip{x,z). Below, for simplicity, we drop the inessential factors of the 
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type 27r. We define a contour T" using the above recipe for the polynomial q{v). 
Then we define 



(3.2) 



'ijj{x,z) = / (/:V)(«,z)e^^dv 



^-p{u)-q(v)-uv+xv+uz 



r" 



Proposition 3.3. Let p and q be polynomials of degree at least 2. Define the 
contours T' and T" by (3.1) forp and q, respectively. Then, provided that one of 
the polynomials p, q has degree at least 3, the function tp{x,z) from (3.2) is well 
defined and satisfies (1.9, I.IC) for the operators L and A from (2.1, ^.2| ). 



Proof, (i) Let us first prove (O, 1.10 ), assuming that all integrals are abso- 
lutely convergent. For brevity, denote the integrand of (3.2) by exp. By differenti- 
ating under the integral, we obtain 



dxip{x,z)= J J V exp dudv, 
dzip{x,z) = J J u exp dudv. 
Integration by parts gives 

= J J du{exp) dudv = jj (— p'(m)— u + z) exp dudv, 
= jj dy{exp) dudv = jj (— q'(u) — u + x) exp dudv. 

Then 

z^p{x,z)~ jj {p' [u) + v^ exp du dv — jj {x — q' {v)^ + v^ exp dudv 

(^p'{x - q'{dx)) + dj^ exp dudv = [p' {x ~ q' [d^)) + dx^^/j{x, z). 

The equation ( 1.10[ ) is proved similarly. 

(ii) We have already explained that the integrals are convergent when degp > 3, 
degg > 3. If one of the polynomials, say p, has degree 2, then by an affine change 
u 1-^ u + cv (c S C) one can bring —p{u) — uv to the form au'^ + fiv'^ . Then on the 
integration domain the leading terms in the exponential in ( ^.21 ) are negative. This 
proves the absolute convergence of the integrals. □ 

Remark 3.4. If both polynomials p, q were of degree 2, their quadratic part 
might have rank 1, i.e. it might be a perfect square. Then ip(x,z) would be diver- 
gent; in fact, it would be of a (5-function type. 

3.5. The general case is treated in the same manner. We are looking for an 
eigenfunction tpix, z) of the form 



(3.3) V'm(a;, z) = 



p' p;; 



where Um+i := x, qo ^ po 



uo 



exp |^^(us+i -Us)vs -Ps{us) -qsivs)j 

dui dvi ■ ■ ■ dum dv„ 

= 0, vo := z. 
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When all polynomials pi,qi, . . . ,Pm, Im have degrees greater than 3, the above 
explained choice of the contours F'^, F", . . . , F^, F^ will automatically make the in- 
tegral convergent. The difficulties start when some of the polynomials have degrees 
equal to 2. The same argument as above works when in the sequence of polynomials 
Pi, gi, . . . ,Pm, Qm there are no two consecutive polynomials of degree 2. |^ 



Theorem 3.6. Under the above assumptions, the i ntegral (3.3 ) is convergent 



absolutely and uniformly in any compact. It satisfies (1.1 



1.7). In particular, it solves the bispectral problem (1.9 



k^h{x). 



1.2|) with b given by 
lMforL = b-Hz), 



Proof, is very similar to that of Proposition 3.3 and is by induction on m. 
Let us first introduce a shorthand notation: 



b„i{dx) 



L„i := bj-{z), D„i := bj-{dz), A,„ := 6,„(x), A, 
We rewrite ( |3.3| ) as 

(3.4) ^™(x,z) = y J e'^--^->-'P-^^-^-'^-^^-^4'm-liUrn,z)dUmdVm, 

or shortly 

llJrn{x,z)= J J e^Vm-l- 

By differentiating under the integral, we have 

(3.5) dx1pmix,z)= J J Vmem'ipm-l- 

By the inductive assumption 

(3.6) A„_i(z,5^) V'm(a;, 



Integration by parts in (3.4) gives 

(3.7) jj ^'"^ {~P'r>ii'^'rn) - Vrn + ^m-l) i>ni~l, 

(3.8) 0= I I em{~q,n{'"rn)-Um+x)'^lJm-l■ 



{h\ ( |3.7| ) we again used the inductive assumption.) For later use, we note that (3 
remains valid if we replace ipm-i with any other function independent of Vm- 
Now we have 



(3.9) dx1pra{x,z) = J J V,nem'4'm-l 

= / / e,n (-p^(Urn) + A,„_i) ijjrn-l = A,„_ i (z, 9^ ) -p^ ( A,„_ i (z, )) ^ Ipmix^z), 



^ One can prove the convergence under weaker assumptions; this is more complicated and 
will be done elsewhere. 
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and similarly, 

(3.10) X1pm{x,z)^ JJ e„l{q'^{v„^)+Um)■4'7n-l 

= (^g^„(A„i_i(z, a^) -p^„(A„i_i(z, a^))) + A,„_i(z,9^)^ Tpm{x,z). 
To show that the operator in the last equality of (|3.9D is exactly A™, we note that 



I (5^ -Pm(a;)) 



■Pm(A™_l). 



gadp„(x)gadg„(a,)^ Example IJ. In the same way, ( |3lo| ) implies 



m — 1 



Here ct™ 

Using the inductive assumption, (3.8) and integration by parts, wc compute 

Z^rnix,z)= [J emLm-liUm, du^)^m-l 

e,nLm~l{x-q[^{Vra),du^) i^m-l = J J (^L,n-i{x-q'^{v,n) , -du^) e,n^ 
m~l{x — 'Zm(^m)'Pm("m) + 

= Lm-i (x - q'„^{dx),p'^{x - q'^idx)) + d^^j V™(a;,z). 

The last operator is exactly 

L„^-l{a-^\x),a:^,\^■x)) = a-^^ {L^-iix, d^)) ^ ct„^6„^_i(z) = 6™^(z). 

The proof that dzipmix, z) — Dm{x,dx)ipmix, z) is similar and is left to the 
reader. 



□ 



3.7. Here we will present some peculiar properties of the above solutions, 
discovered by F. A. Griinbaum Q, which show that some "obvious" conjectures 
concerning the bispectral problem, one is tempted to pose, are not true. 

Let TO = 1, pi{x) = qi{x) — x^/3 and define contours 

Tfc = M+ U {e^'^^'^/^t I i e [0, oo)}, 
with arbitrary directions. 

the functions 



A: = 1,2 



Then, by Proposition 3.3 



^ki {x,z) 
satisfy the equations 



^~u^ /3-uv+xv+uz 



Pfc r. 



xipkiix, z) = (d:, + (z - <9^)^) ipki{x,z), 
zipki{x,z) = + {x~ dl)^^ -tpkiix^z). 



Note that the operators on the right hand sides are identical (with x and z 
switched). As it is well known, in the Bessel case or Airy case all joint eigenfunctions 
are symmetric with respect to x and z (see [DG, BHYl, KR]). But as it was 
noticed by F. A. Griinbaum Q, here the situation is different. For example ipu 
and ip22 are obviously symmetric, but ?/'i2 and -021 are not. Only their sum is a 
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symmetric function. In this way we give another proof of Griinbaum's result that 
the space of symmetric eigenfunctions is only 3-dimensional. 
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